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Abstract 
This paper is concerned with the output feedback sta- 
bilization of a class of nonholonomic systems in port- 
controlled Hamiltonian formulae via generalized canon- 
ical transformations. In order to obtain a dynamic feed- 
back, an integrator is added to the system firstly. Then 
the generalized canonical transformation is utilized to 
let the integrator play the role of an estimator of the 
unmeasurable state based on passivity. This technique 
can derive a time-varying output feedback stabilizing 
controller under a certain assumption. Furthermore the 
effectiveness of the proposed technique is demonstrated 
v-ia a well known knife edge example. 
1 Introduction 
Hamiltonian control systems [14, 81 are the systems de- 
scribed by Hamilton's canonical equations which repre- 
sent general physical systems. Recently port-controlled 
Hamiltonian systems are introduced as the generaliza- 
tion of Hamiltonian systems [6] .  They can represent 
Hamiltonian systems with a class of nonholonomic con- 
straints [7, 51 as well as ordinary mechanical, electrical 
and electrc-mechanical systems. The special structure 
of physical systems allows us to utilize the passivity 
which they innately possess and a lot of fruitful results 
were obtained so far. These methods are so called pas- 
sivity based control [13, 91. One of the advantages of 
passivity based control is output feedback control, see 
e.g. [9] for Euler-Lagrange systems and extended for 
Hamiltonian systems in [12], also a more general result 
can be found in [lo]. It is usually difficult to stabilize a 
nonlinear system using output feedback because there 
is no efficient way of designing a state observer of non- 
linear systems. Utilizing the intrinsic passive property 
of physical systems, however, it is easy to  stabilize the 
system using only the information of output. 
Generalized canonical transformations for port- 
controlled Hamiltonian systems were introduced as the 
generalization of conventional canonical transforma- 
tions which are widely used for analysis in classical 
mechanics [l, 21. This transformation preserves the 
structure of Hamiltonian systerns and the passivity 
property of physical systems. Generalized canonical 
transformation gives us a general stabilization strategy 
for port-controlled Hamiltonian systems which is a 
natural generalization of passivity based control. As an 
application of this strategy, a time-varying stabilization 
method for nonholonomic port-controlled Hamiltonian 
systems was obtained which employs time-varying 
feedback and coordinate transformations [3, 41. 
This paper is devoted to  the output feedback stabi- 
lization of a class of nonholonomic Hamiltonian sys- 
tems based on generalized canonical transformations. 
We utilize the dynamic extension as in [12, 101 to  con- 
struct, a dynamic compensator and canonical transfor- 
mation to derive a time-varying output feedback con- 
troller for nonholonomic Hamiltonian systems. Firstly 
we refer to the generalized canonical transformation for 
port-controlled Hamiltonian systems [l], time-varying 
state feedback stabilization method [3, 41 for nonholo- 
nomic Hamiltonian systems. Secondly a framework of 
dynamic extension in order to  obtain a dynamic com- 
pensator for nonholonomic Hamiltonian. systems is de- 
rived. Finally the effectiveness of the proposed method 
is demonstrated via a numerical example. 
2 Canonical transformations for Hamiltonian 
systems 
2.1 Port-controlled Hamiltonian systems 
A time-varying port-controlled Hamiltonian system 
with a Hamiltonian H(x, t )  is a system in the form of 
with U, y E R", x E Rn and a skew symmetric matrix 
J ,  i.e. J = -JT holds [l]. The following properties of 
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such systems are known which is a time-varying version 
of the result in [SI. 
Theorem 1 [l] Consider the system (1). Suppose the 
Hamiltonian H satisfies H ( x , t )  > H ( 0 , t )  = 0 and 
a H / &  5 0. Then the input-output mapping U I+ y of 
the system is passive with respect to the storage function 
H ,  and the feedback 
U = -C(X, t )  y (2) 
with a matrix C > 0 renders ( u , y )  + 0. Furthermore 
i f  H is a positive definite function and if the system is 
zero-state detectable, then the feedback (2) renders the 
system uniformly asymptotically stable. 
The zero-state detectability and the positive definite- 
ness of the Hamiltonian assumed in Theorem 1 do not 
always hold for general Hamiltonian systems. In such a 
case, the generalized canonical transformation is useful. 
It provides a generalization of the stabilization method 
of exploiting virtual potential energy [13]. 
2.2 Generalized canonical transformations and 
I I 
Figure 1 : Generalized canonical transformation 
A generalized.canonica1 transformation is a set of trans- 
formations 
z = @ ( x , t )  
g = y + a ( x , t )  
a = u + / ? ( x , t )  
(3) 
fl = H ( z , t )  + U ( x 7 t )  
which preserves the structure of port-controlled Hamil- 
tonian systems given in (1). Here 3, H ,  5 and a denote 
the new state, the new Hamiltonian, tbe new output 
and the new input respectively. This transformation 
can be seen as in Figure 1 from the input-output point 
of view. The generalized canonical transformation is 
a natural generalization of a canonical transformation 
which is widely used for the analysis of conventional 
Hamiltonian systems in classical mechanics. The prop- 
erties of such transformations are summarized as fol- 
lows. 
Theorem 2 [l, 21 (i) Consider the system (1).  For 
any functions U ( x ,  t )  E R and P(x ,  t )  E Rm, there exists 
a pair offunctions @ ( x ,  t )  E Rn and a(z ,  t )  E Rm such 
that the set (3) yields a generalized canonical transfor- 
mation. 0 yields a generalized canonical transforma- 
tion i f  and only if 
holds with a skew-symmetric matrix K ( x ,  t ) .  Further 
the change of output Q and the matrices J and j are 
given by 
T a U T  ( 5 )  
(7) 
Q = 9 =  
= a+ 
J = E ( J + K ) g T  -(6) 
3 3 -  
(ii) Transform the system (1) b y  the generalized canon- 
ical transformation with U and p such that H + U > 0. 
Then the new input-output mapping I+ 5 is passive 
with the storage function H if and only if 
(iii) Suppose that (8) holds and that H + U is positive 
definite. Then the feedback ii = -C 5 with C > 0 
renders the system stable. Suppose moreover that the 
transformed system is zero-state detectable with respect 
to x. Then the feedback renders the system uniformly 
asymptotically stable. 
Using the generalized canonical transformation, we can 
change the property of the system without changing the 
intrinsic passive property. The structure matrix of 
the transformed system is given by (6). Therefore this 
transformation can also be used to change the structure 
matrix J .  
3 State feedback stabilization 
3.1 Hamiltonian systems with nonholonomic 
constraints 
We consider a mechanical system with nonholonomic 
constraints which is described by a conventional Hamil- 
tonian system with Lagrangian multipliers [7] 
I 0 
where x = (q ,po )  E Rn x Rn is the state, the Hamilto- 
nian H ( q , p o )  := (1/2) p ~ M o ( q ) - l p o  describes the ki- 
netic energy with a symmetric inertia matrix Mo(q) > 
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0, and A(q)X and B(q)u denote the constraint force and 
the external force respectively with X the Lagrangian 
multiplier. 
It was shown in: [7] that this Hamiltonian system 
with constraints can be described by 9. port-controlled 
Hamiltonian system 
with a Hamiltonian 
p E Rm and M ( q )  E Rmxm. Here the skew-symmetric 
matrix J22 is very often replace by a negative semidef- 
inite matrix in order to represent the friction of the 
original dynamics. In the sequel, we consider a stabi- 
lization of Hamiltonian systems in the form of (10). 
3.2 Time-varying stabilization of nonholonomic 
Hamiltonian systems 
This subsection refers to [3, 41 for the time-varying sta- 
bilization of a nonholonomic Hamiltonian system (10). 
The time-varying state feedback derived here is utilized 
for output feedback stabilization in the next section. 
We treat the stabilization of the systems in the form of 
(lo), however we describe all results assuming M = I 
and G = I because of the simplicity. These assump- 
tions can always be satisfied by transforming the sys- 
tem (10) into another Hamiltonian system employing a 
pair of coordinate and input transformations 
where i, and 4 denote the new phase state and the new 
input respectively, and M -  denotes a matrix such that 
Theorem 3 [5', 41 (i) Consider the system (10) with 
M = I and G = I .  Then the following generalized 
canonical transformation 
I7 = H ( q , p )  + a T p  + ;aTa + U(!P(q, t ) )  
Q = W , t )  
F = p + a ( q , t )  (15) 
Y = Y + a ( q , t )  
ii = U + ( J L g T +  + e J 1 2 p  - J22a 
with a scalarfunction U(t@(q,  t ) )  2 0 and aperiodic odd 
function a(q, t )  E R" transforms the system into a pas- 
sive time-varying port-controlled I-amiltonian system 
(16) 
(17) 
with the Hamiltonian 
1 
I7 = U ( q )  + -ps"p. 2 
Here the coordinate transformation 4 = Q ( q , t )  is a so- 
lution of a PDE 
ayq:t) ( J:: ) = O 
and 9 is given b y  
Furthermore if U is positive definite and the resulting 
system (16) is zero-state detectable with respect to the 
input-output mapping ii jj, then the feedback 
ii = -C(z,t)  g (20) 
with C > 0 renders the system uniformly asymptotically 
stable. 
(ii) Suppose Ji2 the first column of J12 satisfies 
J112 = ( l , O , .  . . , O ) .  (21) 
Choose the function a1 (q, t )  as 
with a scalar periodic function h(qa,. . . , qn, t )  satisfying 
h(0 , .  . . , 0 ,  t )  = 0. Then the corresponding q ( q ,  t )  in 
(18) is given b y  
@(4 , t )  = (41 + h(42,. . . ,qn7 t ) ,42 , .  . . , 4 n ) .  (23) 
Furthermore suppose h(q2,. . . , qn, t )  is chosen such that 
q i )  2 J12(q)  = 0, - d i h  = 0 =+- q = 0. (24) 8s ati 
Then the feedback (20) with U = qTt@ renders the sys- 
tem uniformly asymptotically stable. -A possible choice 
of h(q2,. . . > Qn, t )  is 
n 
h(q2, . . . , q n ,  t )  = cos t q; 
i=2  
(25) 
The latter part of this theorem is based on [ll] which 
is a time-varying stabilization method for driftless sys- 
tems. 
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4 Output feedback stabilization 
This section is devoted to the main result output feed- 
back stabilization of nonholonomic Hamiltonian sys- 
tems. Firstly how to derive a dynamic compensator us- 
ing generalized canonical transformations is shown and 
then output feedback controller using a time-varying 
feedbacks is derived. 
4.1 Dynamic extension 
Consider the system (10) again and suppose M = I ,  
G = I and that we can only measure the state q. As in 
[12], add the integrator T E Etm to the system: 
whose Hamiltonian is 
(27) 
1 
H = -pTp. 
2 
Here T is the state of the compensator. However it is not 
connected to the system (10) yet. The following lemma 
connects the dynamics of the original system and that 
of r-integrator via a generalized canonical transforma- 
tion. 
Lemma 1 Consider the system (26) with the Hamil- 
tonian (27) without loss of generality. Suppose J22 = 
J22 (9). Then the generalized canonical transformation 
with input and output transformations 
H = H ( q , p , r )  + rTr - r T p  
= i ( p  - r ) T ( p  - r )  + 
with a skew-symmetric (negative semidefinite) matrix 
J33 E EtmXm transforms the system into a port- 
controlled Hamiltonian system 
with a Hamiltonian 
The proof is straightforwardly obtained from a direct 
calculation. Notice that if we choose J33 = 5 2 2  in the 
dynamic extension (29), the state f can be regarded as 
an estimated value of p because both dynamics have 
the same form. In addition, both p and F affect the 
dynamics of Q = q. Hence f can be used for the stabi- 
lization of the whole system using a similar technique 
as in Theorem 3. 
Remark 1 In Theorem 4 we utilize a combination of 
a generalized canonical transformation and an input 
transformation in the form of (28). This type of in- 
put transformations can be included in the definition 
of generalized canonical transformations. To this effect, 
the definition (3) should be replaced by 
3 = @(z, t )  a = H ( z , t )  + U ( z , t )  
i j  = N ( z , t ) T y + o r ( z , t )  
ii = N ( z , t )  u+P(z, t )  
(31) 
with any nonsingular matrix N ( z ,  t) .  
Remark 2 J22 is a function of both q and p in general 
and the assumption J22 =- J22(q) in Lemma 1 is restric- 
tive. If J22 = J22(q,p),  i.e., it is a function of p ,  then 
we can use the feedback in (28) with J22 = J22(q,r) 
instead of Jzz(q ,p) .  This choice works well at.least in 
the case J22 is negative definite. However the effective- 
ness of this strategy is not clear in general and it will 
be purchased in a future research. 
4.2 Output feedback stabilization 
The system (10) and the same problem setting as in the 
previous subsection is considered. This subsection de- 
rives an output feedback controller using time-varying 
feedback developed in Section 3.2. 
Theorem 4 (i) Consider the system (29) with the 
Hamiltonian (30). Suppose the assumptions in Lemma 
1 hold. Then the generalized canonical transformation 
H = H ( q , p ,  F) + rTac + +Fac + u ( ~ ( Q ,  t ) )  
= $Tzs + $( f  + ac)T(F + ac) + U(Q((a, t ) )  
(32) 
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with a scalar function U(!P(Q, t ) )  2 0 and a periodic 
odd function ac@, t )  E Rm transforms the system into 
a passive tame-varying port-controlled Hamiltonian sys- 
tem 
(33) 




B = U(G) + -?jT?j + - i T F .  
The coordinate transformation q = !P(Q, t )  {s a sp lu t ip  
of a PDE (18) with a ( q , t )  = ac(q , t ) ,  and J12, J221 5 3 2  
and j 3 3  are given. by 
J12 A := T J 1 2 ,  a* &.:= J 2 2 ,  j 3 2  := % J 1 2 ,  j 3 3  := 5 3 3 .  
Furthermore if U is positive definite and the resulting 
system (33) is zero-state detectable with respect to the 
input-output mapping (a, I&) H fjc, then the feedback 
with C > 0 renders the system uniformly asymptotically 
stable. 
(ai) Suppose moreover that 5 2 2  = 0 and that the J 1 2 ( q )  
satisfies 
with J 1 2 2 ( q )  E R(n- l )X(m- l )  . Choose ac (q , t )  = 
(a1 ( q ~ , ~ ,  t ) ,  0 , .  . . , 0 )  such that the conditions (22) and 
(24) hold, and the positive definite function U such that 
where ~ 2 , ~  := ( 4 2 , ~  ,..., qn) .  Then the system (33) 
is zero-state detectable with respect to the input-output 
mapping (U, a,) H fjc, i.e. the feedback (35) renders the 
system uniformly asymptotically stable. 
Proof. (i) Firstly apply Theorem 3 to the system (29). 
Then we obtain a generalized canonical transformation 
with 
However output feedback controller cannot use the in- 
formation of p .  Hence we add another feedback with a 
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skew-symmetric matrix (which plays the role of K ma- 
trix in the whole generalized canonical transformation) 
in order preserve the Hamiltonian structure 
This feedback only contains the measurable signals Q 
and F, and is equivalent to the feedback in (32) so proves 
(i). (ii) Suppose (ii,a,) 0 and fjc 0. Then (33) 
implies 
This reduces to 
This means 
6 2 , m  0 (39) 
where I j 2 , m  := ($2,.  . . ,$m) because of the block diago- 
nal structure of J 1 2  as in (36). It follows from (22) and 
(39) that 
Further (38) implies 
Therefore again from (33) we obtain 
The positive definiteness of the Hamiltonian implies 
$ = i = O .  (41) 
It directly follows from the state-feedback case that 
lj 3 0. (42) 
This means the zero-state detectability of the system 
(33) and completes the proof. L7 
/ 
42 ?i 
Figure 2: A rolling coin 
4.3 Example 
The well known “knife edge” example is considered 
here, see [15] for details. We consider a rolling coin 
on a horizontal plane depicted in Figure 2. Let x-y de- 
note the Cartesian coordinate of the point of contact 
of the coin and the horizontal plane. Let 41 denote the 
heading angle of the coin, and (42,qs) the position of 
the coin in 2-y plane. Furthermore let pl be the angular 
velocity with respect to the heading angle q1, pz be the 
rolling angular velocity of the coin, u1 and u 2  be the 
angular acceleration with respect to pl and pz respec- 
tively. Finally let all the parameters unity for simplic- 
ity, then the generalized Hamiltonian system (10) with 
Q = ( 4 1 , 4 2 , 4 3 ) ,  P = cpl,pz), H = (1/2) PTP and 
0 0 cosq1 
0 0 0  -1 0 
0 -cosql -sinql 0 0 
is obtained. We can easily check that the assumptions 
in Lemma 1 and Theorem 4 hold for this system. 
0 0 sinql (43) 
0 0 
J = ( :  0 ’  
For this system we choose the time-varying function 
crl(q, t )  = q3 sin t (44) 
with U = (1/2) QTQ and C = 51 and construct the feed- 
back system according to Theorem 4. The response of 
q coordinate from the initial conditions q(0) = (O,O, l), 
p ( 0 )  = (0,O) and r(0) = (0,O) of the resulting feed- 
back system in simulation is shown in Figure 3. The 
solid line, dashed line and dashed and solid line denote 
41, 42 and 43 respectively. Although the convergence 
is slow and oscillatory as the usual time-varying state 
feedback, all states converges to the origin smoothly. 
This example exhibits the effectiveness of the proposed 
met hod. 
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